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Monte Carlo method in optical radiometry

A. V. Prokhorov

Abstract. State-of-the-art in the application of the Monte Carlo method (MCM) to the computational problems

of optical radiometry is discussed. The MCM offers a universal technique for radiation transfer modelling based
on the stochastic approach. Developments of the original MCM algorithms and software for calculation of
effective emissivities of black bodies, absorption characteristics of cavity radiometers and photometric properties
of integrating spheres are used for designing advanced optical instruments. The capabilities of the developed
software are illustrated by several examples. The techniques of convergence improvement and special time-saving
algorithms are outlined.

1. Introduction absorption characteristics for the cavities of thermal-
radiation detectors and of the effective emissivities of

. . : . _black-body radiators, evaluation of the quality of stray-
The computing problems of optical radiometry relating r(f\diation traps, and modelling of multiple reflections in

to radiative-transfer analysis arise at the stage of desi({nte rating spheres
of radiometric systems and during the investigation o %Nhatgverr) the ' algorithm  of  radiation-transfer
their metrological characteristics. For these problems g

as a rule, it is possible to build a reasonably adequat%tat'sncal modelling, it includes a model of the radiating

mathematical model and to write an equation forcharacterlstlcs of a surface, block of ray tracing, and

the radiation-field characteristics in a general form S€t Of 'écipes, allowing one to improve the convergence
f computing, or to reduce the time needed for these

However, if the system has a sophisticated geometr)galculations
or the characteristics of the interaction of the radiation o . .
The objective of this paper is to analyse the current

with its elements depend on its conditions of inCidencestate of statistical modelling of radiometric systems and
and spectral composition, the solution of the radiativ 9 y

transfer equations by conventional methods becomgtgelrcomponents, describe basic ideas and algorithms of

extremely difficult and often impossible. In these casesfeiu'\lf[lscgﬂbt'gir?gé'Czlsr&tosm:gg’a%';ﬂa%rl'sf&;ivr']%vtv tgfmit
the MCM can prove to be the only way to solve the ' P P
problem every aspect of the Monte Carlo method as applied to

The use of the MCM in optical radiometry is opticgl radiometry to _be c_jiscussed in_ detail, we only
based on a probabilistic treatment of the interactiorfO"'S\der several practical implementations and the most
of radiation and matter. This approach allows themterestlng results of numerical experiments achieved.
construction of a stochastic model of the system in

guestion and an estimation of its parameters to be mad® Stochastic approach to optical radiation transfer
after a large number of stochastic-process realizations.

This process may be defined as the passage of |21 Statistical weights

separate ray (or particle — in terms of geometrica

optics, the difference is only terminological) all the ) ) ) ]
way from the radiation source to the detector. Thelhe conventional method of modelling the interaction

accuracy of the solutions obtained is determined’®fween radiation and matter can be described as
by the number of realizations of the stochasticfo”OWS-_ If « andp are the absorptivity and reflectivity,
process, and, therefore, progress in computer hardwaféspectively, of any opaque body+p = 1) then, when
continues to expand the circle of problems in opticafthe ray interacts with the body surface, the program
radiometry that can be successfully resolved by using€nerator of pseudo-random numbers produces the next

the MCM. These problems include calculation of thePSeudo-random numbey from a sample uniformly
distributed on the interval0,1]. If n < p, then the

ray reflection by the surface is registered. Otherwise,

A. V. Prokhorov: Vega International, Inc., 350 Fifth Avenue, the absorptlor) IS reglstereq,_and the ray trajectory Is
Suite 6701, New York, NY 10118, USA. broken off. With low reflectivity values and the need
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the conditions that occur inside the cavities of black-ns and 7, are random numbers, theéhand ¢ can be

body radiators and thermal-radiation detectors), the useodelled by the following equations [2]:

of the conventional scheme leads to the overwhelming -y

majority of rays being absorbed, so that they make sin” ¢ = 7,

no contribution to the resulting statistics. The method _

o . . . ® = 2mn,.

of statistical weights can provide a good alternative

to the conventional scheme. According to this method, ~ The choice of a diffuse model for reflected radiation

a weightw =1 is assigned to each ray before the firstimposes one restriction on the model for emitted thermal

interaction. With each reflection, the statistical weight radiation: according to the reciprocity theorem and

is multiplied by the reflectivity valug. The trajectory  Kirchhoff's law, the emissivity should not depend on

ends if the statistical weight becomes smaller than the the angle of observation.

pre-specified uncertainty of calculations or if a sufficient ~ The second frequently used simple model of

number of reflections is achieved. There is a strict proofeflection is a specular one, which assumes that the

of the fact that the variation of the result obtained byspecular reflectivityp, is independent of the radiation

using the method of statistical weights is always lessingle of incidence. The isotropic specular-diffuse model

than that obtained by using the conventional schemds a superposition of the two previous models. An

provided that the number of realizations is the same [1]additional characteristic of the surface is its diffusivity
In addition to the statistical weight, some otherD:

characteristics of simulated radiation can be associated

with each ray. For example, in spectral-radiance D = pa/p; 2

calculations, the initial spectral radianég, calculated o ) is the directional-hemispherical reflectivity at

n apcordance with the spahal, angular gnd spectrqlne same angle of incidence. If the next random number
distributions of source radiance, can be assigned before< D. then diffuse reflection is assumed: otherwise

the ray tracing. The spectral radiance of a ray at an%]pecular reflection is assumed.

point of the trajectory can be calcu!ated as the produc The anisotropic three-component model is more
wl,y. If the spectral dependencies are calculated

SPTRe . "-general and powerful. The retro-compon the
and the angular distributions of the surface radlat|n£ P ponent

h teristics d td d on th ledaihi irection of which coincides with the direction of the
characteristics do not depend on the wavelengihls — incigent radiation, is added to the specular and diffuse
possible to use a time-saving algorithm by associatin

¢ ts of the reflecti Figure 1). Unlike th
a set of wavelengthd; and corresponding sets of omponents of the reflection (see Figure 1). Unlike the

tatistical weidhtsw: — w(i d wral radi previous models, this one allows the components of the
statistical weightsw; = w(d;) and spectral radiances reflectivity — diffuse, specular and retro — to be arbitrary
L; = Lyy(A;), i = 1,2,...,m; to each ray. At each

: S - functions of the angle of incidence. Let us introduce
reflection, the elements of the array of statistical Welght%he following parameter:
will be multiplied by the reflectivity values at the '
appropriate wavelength;, and the current values of R=p./p. 3)
the spectral radiance are given byL;. '

)

Reflection is assumed to be diffuserif< D, specular

2.2 Models of optical characteristics if D<n<1-R, and retro ifp > 1 - R.

09 F—r———m—m—————r—+——+—r—

The adequacy of the model chosen for the optical
characteristics determines the reliability of results 038
obtained by using the MCM in solving optical

; . T 0.7 k£
radiometry problems. The reflection characteristics Retro
of any surface are completely determined by its gg \
bidirectional reflectance distribution function (BRDF). _ (
Because of the difficulty of BRDF measurements and> 05 |-
the need to store the large arrays of measuremeng Specular
information, often only spectral dependencies of& %4 [
normal-hemispherical reflectivities are available for
opaque bodies. The most frequently used elementary /
diffuse model assumes that the intensity of radiation o2
reflected by a surface obeys Lambert's cosine law Diffuse
and that the diffuse reflectivityy does not depend on 01 .
the radiation angle of incidence. The direction of the
reflected ray in a diffuse model is set by the polar angle 0 10 20 30 40 50 60 70 80 90
6 and azimuthal angle in a local spherical system of
coordinates, the polar axis of which is collinear with
the normal to the surface at the ray reflection point. IfFigure 1. Anisotropic three-component reflectance model.
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2.3 Ray tracing

Ray tracing between opaque surfaces is reduced to a
consecutive search of points of ray interaction with

those surfaces. I§, is the position vector of the ray B
starting pointw is the vector of the ray direction with
unit length, andp(¢) = 0 is the equation describing the
surface, then it is easy to find the position veqoof
the point of ray intersection with the surface by solving
the following system of equations:

E=& +wt 4) . . . )
®(¢) =0, for which we use the isotropic specular-diffuse model
of reflection.
where t is a parameter. If the surface is described e calculate the effective emissivity of the cavity
by a quadratic equation, the extraneous solutions musind the distribution of radiation-flux density absorbed
be eliminated. When the system is formed by severapy the cavity walls. Such distributions must be taken
surfaces described by various equations, the system (fto account when choosing the location of the
must be solved for each surface and the valu€ of temperature sensor and for optimization of the heating-
chosen such that, first, it is appropriate for any surfacelement positioning in case the detector is operated
included in the system and, second, it corresponds t@ith substitution of the absorbed power by electrical

R4 Ro

&

-
T~

Figure 2. Conical cavity irradiated by collimated beam.

the lowest positive value of parameter power. For modelling purposes, we divide the cavity
surface into ring zones of equal area and then sum up

3. Practical implementation of Monte Carlo the statistical weights of the absorption in each zone

algorithms after multiple reflections of the ray in the cavity.

Relative distributions of the absorbed-flux density

3.1 Effective absorptivity of cavity radiation detectors along the generatrix of the conical cavity are shown

in Figure 3 for Ry = 0.75, Ry = 1, B = 15°,
Cavity thermal detectors of radiation are widely usedwith the absorptivity of the internal wallse = 0.5
in radiometry and photometry because of the lowand for various values of diffusivityD. In numerical
spectral selectivity of cavity absorption. The effectiveexperiments, 10 rays were used, with their traces
absorptivity of a cavity depends on its geometricalstopped if the statistical weight became less tharf.10
parameters, the spectral and angular absorptiohhe cavity generatrix was divided into 200 ring zones.
characteristics of the internal walls, and the cavity
irradiation conditions. The MCM is an indispensable  0.10
tool for design, modelling and optimization of cavity
radiation detectors.

The paper by Polgar and Howell [3] can be
considered to be the first study devoted to thezZ
application of the MCM in direct relation to radiometry. % 0.07 1
Despite their low-performance computer and the}
imperfection of the proposed algorithm, the authors2 0.06 -
were able to obtain angular distributions of the radiationg 0.25
reflected by a diffuse conical cavity exposed to oblique§ 0.05 1
irradiation and to calculate the effective absorptivity of &
the cavity. T 0.04 -

Steinfeld [4] has applied the MCM to calculation of : 0.50

0.09 -

.. 0.08

lative

the absorptivity of a specular-diffuse, spherical-cavity @ 0.03 1 Ro/Ri=0.75
radiation detector. Mahan and Eskin [5] have described ) , |
the statistical modelling of radiation-flux distribution 0.75 l
over the walls of a cylindro-conical, thermal-radiation .01 -
detector. D
We demonstrate the applicability of the Monte 0 . - .
Carlo approach by taking as an example a thermal- 0 0.2 0.4 0.6 0.8 1.0

radiation detector with a conical cavity irradiated by
a collimated radiation beam, with the axis of the
beam collinear with the cavity axis and the radiusgigyre 3. Relative distributions of absorbed-flux density

determined by an external diaphragm (Figure 2). Theilong the generatrix of a 25onical cavity for (see
internal surface of the cavity has an absorbing coatingrigure 2) R, /R, = 0.75 and absorptivitye = 0.5.

z/ z4

Metrologia 1998, 35, 465-471 467



A. V. Prokhorov

For D = 1 we obtain ideal diffuse reflection, 3.2 Black-body radiators
yielding a smooth distribution of absorbed fluxes
over the initially irradiated zone and “tails” at the ) ] ] )
edges of that zone due to the multiple reflectionsFOr some considerable time, cavity radiators have
After the appearance of the specular component, thgegn .successfully_ u_sed as reference sources whose
distribution over the initially irradiated zone turns out fadiation characteristics can be calculated by using the
to be essentially non-uniform. For the purely speculaPlanck and the Stefan-Boltzmann laws. Generally, the
reflection, the distribution of absorbed fluxes represent§ffective emissivity depends on the cavity geometry,
a step function. the tempera_lturg distributions and optical character|§t|cs

As elementary geometric considerations show, th@f the cavity internal surface, and the observation
boundary position of the first step is determined byCOI’ldIt.IO'nS. Effective em|§S|V|ty calculatlong_presen't a
the penetration depth of the extreme beam rays imon-trivial problem even in the case of pavme; having
the cavity. The height of this step is determined byelementary geometrical forms with diffuse internal
absorption of the rays at the first and last (12th)surf§ces. For_cavmes of a complex form with surfaces
reflections. The steps of the distribution located near th@@rtially shading each other, the MCM can be the most
cone vertex are formed by absorption of combination§u'tab|¢ t_ooI for computing the radiation characteristics.
of rays which have undergone different numbers of  Heinisch et al. [6] have used the MCM to
reflections. The appearance of the reflection diffus€@lculate the hemispherical emissivity of a diffuse
component smoothes out the stepped profile of th&onical cavity with a flat lid with an uncertainty of
distribution. The “tails” of the distributions in the area @bout 0.0001. To accelerate the convergence, they
not subjected to the initial irradiation are observed foraPPlied analytical integration to calculate the radiant
all non-zero values ob. They become smaller as the €nergy leaving the cavity at each act of emission

reflection from the cavity walls approaches a perfectlyor reflection. The algorithm employed allowed them
specular character. to take into consideration the arbitrary temperature

Simple summation of the statistical weights distribution along the cavity walls, but it was impossible

absorbed by the whole cavity surface (or evenfO Use it for calculation of the directional radiation
calculation of the statistical weights of rays leaving thecharacteristics. . _

cavity after multiple reflections) enables one to calculate  ©Ono [7, 8] has obtained important results for
the effective absorptivity (or effective reflectivity) of the the directional radiative characteristics of isothermal
cavity. Figure 4 shows the normal effective absorptivitySPecular-diffuse cavities used as reference sources
of a 15 conical cavity as a function of the absorptivity Of infrared radiation. By applying the generalized

of the internal wall coating for various values of Kirchhoff's law and the reciprocity theorem in the
diffusivity D. computing algorithm, Ono studied cylindro-conical

cavities, a cylindrical cavity with a lateral hole, and
a system formed by a flat target and a hemispherical
mirror. Chu et al. [9] have applied a similar algorithm
to parametrical calculation of the effective emissivity
of a black body having cylindrical lateral walls and
an internal conical bottom in specular-diffuse reflection
conditions.

All the works listed above used the conventional
Monte Carlo technique which prescribes the truncation
of a trajectory in the case of ray absorption by the cavity
wall. In a series of studies [10-12], algorithms based
on the method of statistical weights were described
and successfully used for statistical modelling of the
effective emissivities of cavities formed by a number
of coaxial cylindrical and conical surfaces. In the
effective emissivity calculations, the optical reciprocity
theorem and the technique of inverse ray tracing were
used. A ray with statistical weight equal to unity was
directed from the point of observation into a cavity.
Its history was traced until it left the cavity after
reflections from the walls, or until its statistical weight
became less than the given value. We can consider the
last point of reflection to be a birth point of a ray
Figure 4. Normal effective absorptivity of a specular-diffuse Propagating in the opposite direction. By choosing the
conical cavity as a function of absorptivity of cavity walls ~ reference temperaturé..;, and analysing the history
for various values of diffusivityD and for Ry/R, = 0.75. of a large number of raysy, one can evaluate the
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spectral effective emissivity of the cavity for the given matches the radiation of the isothermal cavity at the
observation conditions and reference temperature:  temperaturel,.; = 3000 K.
Test calculations for diffuse cavities [14-17] have

6}.e()‘7Tref) = shown that a relative uncertainte./c. < 10~* for
o e« > 0.99 is reached after tracing between*18nd
exp< 2 >_1 — i1 5x 10* rays.
AT et ZZ &j Hpk The MCM can be used for exact calculation of the
n =121 exp <2> R eie] ’ irradianpe producgd by an arb_itrary bIack—body radiator
AT; 5) under given conditions (see Figure 6). For this purpose,

ray tracing through the external aperture into the cavity
is performed from a point located on the observation
plane. The radiation emitted by the external surface of
the cavity lid is assumed to be negligible. The spectral
irradiance of the point on the observation plane is
computed as

wherem,; is the number of ray reflections in theth
trajectory;l is the wavelength(’; is the second constant
in Planck’s law ande;, p; and1; are the emissivity,
reflectivity and temperature, respectively, at tjith
point of reflection.

Figure 5 presents the calculated normal spectral _ mR2 N LV cos? b
effective emissivities, of the pyrographite black body E, = p Z B ) (6)
BB3200pg [13] with the temperature at the centre of the i=1 ‘
base fixed at 3000 K; several temperature distributiong/here L,; is the radiance of the ray at the cavity
are considered, with temperature increasing linearlyperture;! is the distance between the observation
in each case towards the edge of the base. A linegsoint and the point of ray intersection with the external
decrease in temperature to 2950 K was set along theperture planep; is the angle between theth ray
cylindrical generatrix towards the isothermal lid. Theand the optical axis of the systeiis; is the vignetting
cylindrical radiating cavity has a length of 200 mm andfunction, which is equal to 1 if the ray hits the cavity
diameters of the cavity and the aperture of 37 mm andperture during ray tracing from the observation point
22 mm, respectively. The same set of° ¥fajectories through the external aperture; otherwise, it equals zero.
was used for modelling all six spectral curves. The
curve corresponding to the isothermal cavity lies Black-body cavity — Aperture Observation plane
between the curves obtained for a temperature increase
towards the bottom edge, equal to 1.5 K and 3K,
because the effective radiation — consisting of the
emitted thermal radiation of the non-isothermal bottom
for a temperature increase of about 2 K and reflected
radiation of the non-isothermal lateral walls — closely

P2R>

! ! | Temperature Ly Ly L3
1010 4------ oo R h ---| increase
1008 4%---- A (S L. | 0K . . o o
! ! ! —a—0.5K Figure 6. Scheme for calculation of irradiation distribution.
1.006 4 -§---- boeooo- boooo-- e L
10044 % L L Lo | 15K Figure 7 shows the spatial distributions of spectral
! ! ! —=—3K irradiance at a wavelength of 650 nm, produced by
NG poooees [ —=5K a black body withR;, = 7.5 mm, Ry = 10 mm,

Normal effective emissivity
N
o
o
N

1.000 - e Ly = 200 mm and the wall emissivitye = 0.9.
0.998 | - etagatr A . The cavity walls were assumed to be specular-diffuse
j ! with D = 0.9. Other geometrical parameters of the
0.996 1 LT . system are as followsk, = 2.5 mm, L, = 200 mm,
0.994 +4---- ffffff e R and L3 = 500 mm. The first curve corresponds to
0.992 ; : : . the cavity having a constant temperature 2500 K,
0 1 2 3 4 5 while the second and third curves relate to the cavities
with an isothermal bottom and a linear temperature
Wavelength / um drop to 2475 K and 2450 K, respectively, along the

cylindrical generatrix towards the isothermal lid. Even
body BB3200pg for various values of linear temperature fqr t_he _Case. of the isothermal Ca\.”ty’ the |rra(_jlance
increase towards the bottom edge. Reference temperature d!StI‘IbutIOﬂ _dlﬁers from_ that of the |sother_mal d'ﬁl_Jse
is the temperature at the centre of the base (3000 K). The disk replacing the cavity aperture. This is explained
temperature decreases along the lateral walls towards the Dy the higher effective emissivity of the part of the
aperture, which is isothermal at 2950 K. cylindrical wall in close proximity to the bottom in

Figure 5. Normal spectral effective emissivities of black
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Figure 7. Spatial distribution of spectral irradiance at
650 nm for (see Figure 6R, = 2.5 mm, R, = 7.5 mm,
R, =10 mm,L, = L, = 200 mm, Ly = 500 mm.
Curve 1, cavity is isothermal &500 K; curve 2, bottom
is isothermal aR500 K, temperature decreases linearly
along lateral walls t@475 K at the intersection with the
isothermal flat lid; curve 3, bottom is isothermal2&00 K,
temperature decreases linearly along lateral wallit®) K
at the intersection with the isothermal flat lid.

comparison with the effective emissivity of the bottom,

However, the sphere has an important property
that allows the calculation time to be reduced. If a
point on the sphere wall reflects in accordance with
Lambert's cosine law, then the sphere internal surface
has constant illuminance. This fact makes it possible
to avoid use of the conventional modelling sequence,
employing generation of two random numberg
and n,, calculating anglesy and ¢ in accordance
with (1), calculating the vector coordinates in the
local Cartesian coordinate system, transforming to the
global Cartesian system, and searching for the point of
intersection between the reflected ray and the sphere
by solving the system of equations (4). Instead, the
random point uniformly distributed over the spherical
surface is generated by a known algorithm. The line
connecting this point with that of the previous reflection
will determine the direction of the diffuse reflection.
Acceleration of the convergence of the result for
computation of the photometric head illuminance can
be achieved by calculating the diffuse angle factors [2]
from the point of ray reflection to the radiation detector
except where it is shaded by a baffle.

3.4 Other radiometric applications
of the Monte Carlo method

3.4.1 Stray-light analysis

The MCM is successfully used in the optimization
of various stray-radiation traps [12, 22, 23]. There are
commercially available, MCM-based, software products
for analysing the stray radiation in optical systems
(ASAP, Breault Research Organization; GUERAP V,
Lambda Research Corp.). The most advanced programs

caused by the specular component of reflection. Thallow simulation of the real BRDF by splitting each
temperature gradient along the lateral cylindrical wallreflected ray into a large number @1Qo 10%) of
leads to a sharp decrease in the spectral irradiance awagcondary rays. Each secondary ray contributes to the

from the optical axis (curves 2 and 3).
3.3 Integrating spheres

An extensive area for MCM application is the

modelling of integrating spheres: for reflectivity and
transmittance measurements [18], for use as a calibrat
diffuser [19], for flux comparison of various sources

of radiation [20], for building large-aperture uniform

sources, etc. Numerical modelling of integrating sphere
becomes even more important in the realization of th
lumen based on a black-body source and a spheric

integrator of the luminous flux [21].
The main difficulty in application of the MCM

characteristics of radiation calculated from the BRDF
of the reflecting surfaces. As a result, the trajectories
of rays become tree-like, and significant time on top-
performance computers is required for their sequential
tracing.

3.4.2 Transmittance of glass filters

E‘lg(act calculation of the spectral transmittance of

composite glass filters irradiated by non-collimated
radiation beams (for example, in the presence of a

aiﬁuser) can be successfully performed by the MCM-
$ased code. Thus, it is easy to perform ray tracing

king into account the reflections at the interface of
glasses with diverse refractive indices.

in the modelling of integrating Sphel’es is as fO”OW5343 Overall simulation of radiometric
The coating of the internal walls of the sphere hasgngd photometric systems

as a rule, a reflectivity very close to 1. This leads to

extremely slow convergence of the computing processThe MCM allows modelling of the most sophisticated
to obtain three to four decimal digits in the computedradiometric systems [12] by coordinating the entrance
illuminance of sphere walls, one has to trace severgbarameters of the subsequent part of the system with the
hundred successive reflections. target parameters of the previous one. The system can
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have multiple sources and detectors of radiation wittReferences

scattering, refracting and reflecting elements placed
between them. A single model implemented in a
computer code can be used repeatedly for evaluation of"
the system’s performance for various initial data sets.
The block structure makes it easy to model a system
even after the addition of new components; the entire 5
unit is then readily analysed.
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